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Heat Conduction in a Random Medium

Ronald Forrest Fox %% and Richard Barakat?-*

Received May 27, 1977

The method of time-ordered cumulants is used to investigate the behavior
of heat pulses in a one-dimensional medium in which the thermal conduc-
tivity is random. A partial differential equation is obtained for the average
temperature profile; it is the heat equation modified by the addition of a
fourth-order spatial derivative. A solution is obtained by asymptotic series.
The first two spatial moments of the average temperature profile are
evaluated and are shown to tend to those of a Gaussian when f is large.
Finally, an equation is obtained for the covariance function.
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1. INTRODUCTION

It is our purpose in this paper to investigate heat conductivity in a random
medium. Part of our interest is the physical phenomenon itself, while part is
the mathematical technique used. The method of ordered cumulants is used
to render the problem in an exactly tractable form, which simplifies even
further as a result of our assumption that the time correlation involved is a
delta function. This method is in dramatic contrast with other methods, which
necessarily involve approximation procedures even though they treat precisely
the same problem.

A very closely related procedure can be applied to the phenomenon of
wave propagation in a random medium, and the consequence is that, on the
average, the wave propagation becomes damped. Here, however, we begin
with a dissipative process, heat conduction, and the stochastic nature of the
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conductivity produces, on the average, an antidamping behavior. A Fourier
integral representation, consequently, is not valid, and we present an asymp-
totic series solution as well as an explicit calculation of the first few moments
of the solution. It is observed that asymptotically in time the heat conduction
behaves more and more just like it would behave in the absence of stochasti-
city. This result, coupled with the antidamping nature of the stochastically
induced conduction, remains an intriguing dilemma.

We close our analysis with a presentation of a technique for the deriva-
tion of the Fokker-Planck equation which is associated with stochastic heat
conduction. This technique undoubtedly has applicability in many other
stochastic problems involving fields, such as is the case with heat conduction
and wave propagation.

2. DIFFERENTIAL EQUATION SATISFIED BY MEAN SOLUTION

The equation under investigation is
oI o oT
[0 M

where T'(x, t) is the temperature and »(x, t) is the thermal conductivity (taken
to be a stochastic function of space and time). If we introduce the spatially
integrated temperature profile

S(x, 1) = J T T, £ dx @)
then it can be shown that Eq. (1) reduces to
8S/ot = v(x, t) 02S[0x? 3
The stochéstic thermal conductivity is taken to be of the form
_ v(x, t) = yo[l + alx, 1)] 4
where
x, 1)y =0,  vx, 1)) =vo >0 )
-and
plx, D, 1)) = 2R(|x — x'[) 8(t — ) ©)

For definiteness, it is further stipulated that & is a Gaussian process.
The formal solution to the stochastic equation (3) can be expressed in
terms of the time-ordered exponential ¥

S(x, 1) = Z{exp[ f: W, ) —%22 ds]}S(x, 0 %)
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The time-ordered exponential is defined by

Texp fo feyds=1+ fo sy ds + f: fo ® He0f () dty dta

+ 3 t [ ST ) ey e ®)

for any function or operator f(¢). When the commutator of f(¢) at two
different times vanishes, i.e.,

/@), f(s)] =0 )
then the time-ordered exponential reduces to the ordinary exponential. In
Eq. (8),

J) = v(x, t) 03[ox? (10)
and
[v(x, 1) 02[ox%, v(x, s) &%Jox?] # O (1n

Equations (3) and (4) provide an example of a multiplicative stochastic
process.?

The solution given by Eq. (7) can be averaged using time-ordered
cumulants?; the final result is

(S, 0 = zexp{ (1596 + 21 }S(x, 0 12)

where

¢ o ¢ o2 o2
| s as = fo O, 50> g ds = 1 13)

13 . t opty o2 o2
| g ds = [ [ ooxatn, 1) 53 a5 1) 5 dia i

, & o
tvg WR(IJC - y,)y=x5)€§

il

i

tvy? a—zR(|x -y z + ty 2R(O)—i (14)
e y=x| OX2 e oxt

Only the first two cumulants are needed here because the second moment of
@(x, 1), as given by Eq. (6), contains a Dirac delta function in the time
variable. Employing the abbreviation

R(0) = 5— R(x = Y])yer 15)

we can write Eq. (12) in the form

{S(x, 1)) = exp{tvo —86?22 + tvoz[R"(O) % + R(0) ;—;]}S(x, 0 (96
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Therefore, {S(x, t)> satisfies the partial differential equation
0 (S, 1) = 4] 2R'(0)] 2 2R(0) 2 WS 17
T, (x, 1)) =< [vo + wo ()]a’j‘*”o ()-6?4< (x,1)> (17)
Upon using Eq. (2) and taking the x derivative of Eq. (17), we obtain
O (T, 1)) = 4o + vo2R(0)] 2 + v?R(0) 2o T 18
8_t< X, = [VO Vo ]5}—2"'1’0 ()5;_71 < (xs t)> ( )

which is the equation that the average temperature profile {T'(x, t)) satisfies.
Note the existence of the fourth-order spatial derivative on the right-hand
side, and the modification of vy by »,R"(0) in the coefficient of the 82/0x? term.
On physical grounds, it is natural to expect that R(0) > 0. Consequently,
the &*/9x* term will cause the coefficient of a spatial Fourier integral repre-
sentation for {T'(x, t)> to blow up. Nevertheless, the form of Eq. (18) makes
it clear that the complete x integral of (T'(x, t)), which is {S(c0, t)> according
to Eq. (2), is constant in time, provided {T'(x, #)> vanishes at x = +co. This
combination of circumstances forces us to examine an asymptotic series
representation for {T'(x, ¢)) instead of a Fourier integral representation.

3. SOLUTION BY ASYMPTOTIC SERIES
Let us take as the initial condition
T(x,0) = Ty 8(x — xp) (19)
With the abbreviations
¢ = vy + v2R"(0), ¢s = v2R(0) (20)
the solution to Eq. (18) may be written as
T5 T (x, 1))

02 ot
exp(tc1 aﬁ) exp(tc2 W) 3(x — xg)

_ ot —1/2 (x — xo)*
= exp(t02 3—)6—4) (477011) exXp ———42:{—
_ < (162)11 o ~1/2 _(x —' x0)2
- nZO s (4meqt) =12 exp BT
= (feg) = < (4n)!

> 8(4n — my — 2my)

I
M

1 Hym
o mio my ! my! 2™z

o n
x {_(x _ XO)}M(—2clt)_’"z(4vrclt)‘1’2 exp _ = x) 1)

2¢4t 4c,t
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where the last inequality follows directly from an application of DiBruno’s
formula.®

Note that the physical dimensions for ¢; and ¢, are {length)? (time)~*
and (length)* (time) ~1, respectively. Consequently, a typical term in Eq. (21)
has the summand

(czt)”( _(x2~ x°))m1(—2011)"’"2

which has physical dimensions of (length)*" (length)~™: (length)~?"2. The
Dirac delta function 8(4n — m, — 2m,) in Eq. (21) shows that all these
“lengths”’ cancel out, and m; is always an even integer. The time dependence
of this typical summand is clearly (¢)* =™ ~"2, which for n > 1| always has a
negative exponent. Thus, for asymptotically long times, only the n =0
term in Eq. (21) persists, and this is merely the Gaussian term

—1/2 _(—x - xO)Z
(4mest) exp “hed

4. SPATIAL MOMENTS OF AVERAGE TEMPERATURE
PROFILE

The average temperature profile <T'(x, ¢)> is a nonnegative function and
its integral over (—oo, ) is finite; consequently {T'(x, ¢)> can be interpreted
as a probability density function. The lower order spatial moments

G — xo)l> = f_w (x — x)KT(x, 1)) d @2)

can be evaluated and shed light on the global behavior of {(T'(x, #)>. When /
is an odd integer, we have {{x — x¢)"> = 0 since {T(x, t)) is symmetric
about x;.

Perhaps the easiest way to obtain these moments is to multiply Eq. (18)
by (x — x,)* and integrate over x; the final result is

djds {(x — x0)"> = Il = Derdx — x0)' 72
+ 10 = DU = 2)(7 — Beol(x — x0)' ™% (23)
For I = 2, this becomes
dldt {(x — x¢)%> = 2¢¢° 24)
which has the solution
x — x0)%> = 2¢4t (25)

since the initial condition is T'(x, 0) = 8(x — x,). This is the moment we
would obtain if {T(x, ¢)> were in the form of a Gaussian.
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For the fourth moment (/ = 4), Eq. (23) becomes
djdt {(x — x)*> = 12¢;{(x — x0)*> + 24c¢, (26)
which has the solution
{x — xo)% = 12¢,%1% + 24cyt (o)

The first term on the right-hand side is the fourth moment if {T(x, 7)) were
Gaussian, and is the dominant term when ¢ is large.

In fact, all the moments tend to the Gaussian limiting values as ¢ is made
large. However, the Gaussian is precisely the form of the temperature pulse
for the corresponding deterministic situation.” Thus the stochastic pulse
shape tends to the corresponding deterministic pulse shape as time increases.

It is also possible to obtain the results listed in Eqgs. (25) and (27) by
direct integration of Eq. (21), although the analysis is tedious.

5. EQUATION FOR {S(x, t)S(y. t)>

An equation for the covariance {S{x, #)S(y, £)> can be obtained by
using the following procedure. First discretize the x axis by using » points
Xy,.es X, The following abbreviations are employed:

Si = S(xi> l)s p’i(t) = fj‘(xi: t)

uDp)) = 2R; 8(t — 3) (28)

Also,
0%]ox? & Sy = AuAy; = 8; — 28;_1; + di_a,; 29

where
Ay = 8y — &1z 30)

Furthermore, we consider f(S;,..., Sy; #) as the probability density function
for the values taken on by Si,..., S».
The *““continuity” equation for fis

i} 0 .4
8_tf(S1"--9 Sn; Z) == "'537; [Sif(Slr--: Sn: t)] (31)

and from Eqgs. (1) and (4), it follows that
Si = voll + (2)18:S; (32)

Consequently

LSt S5 1) = — 5 Ball + OIS (Surr S O} (39
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which is a multiplicative stochastic process in the terminology of Fox.®?
Because the covariance function in Eq. (6) involves a delta function in time,
only the first two cumulants are needed to obtain the average of Eq. (33),
which works out to be

0 0 0 0
5; <f> ="V 53‘1 (Siij<f>) + Vo2 5@: (SiijRii‘ E Si'j’S]"<f>)

=% 315'1 (SySKf) — v 5% (SiiRi;S;1Si<f>)
52
+ v 35.25; (SipSiRis-Siv 83X f>) (34)
It follows that
(8> = 08K + vo®SiyRisS;;4{Ss> (33)
This is a discretized version of
(806, 1)) = v0 oy <SG D) + 967 g R(x = ¥y g €S0, 1)) (36)
t Ox oy ox

which agrees with Eq. (18) for the mean of S(x, 7).
In a similar fashion, it can be shown that

(dlde){Si(2)Si(2)>
= voS1{SHE)SE)> + vo Sk XSHE)S ()
+ VOZSURIJ'S]'J"<S]"(t)Sk(t)> + Vozsijkijj’<S]"(t)Sl(t)>
+ 20981 RueSi; {SH(1)S; (1)) (37

This is a discretized version of the equation for the covariance

2SSO
vy 2 (S(x, 1)S 2 (s 1S
= Vo‘a;§< (x9 t) (ya t)> + VOB;E< (x; t) (y7 t)>

2 82 az
+ Vo a—ZZR(]X - ZD z=xé? <S(X, t)S(y7 t)>

+v26—2R(l - z)
0 g2 U

o2
- 3y SG DSGL 0

+ BPR(% = 1) g m <SG SO, 1) (39)
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A somewhat simpler version can be obtained; define
o(x, y, 1) = (S(x, 1)S(y, 1)) — <S(x, XS, 1 (39)
Upon using Eqs. (36), (38), and (15), we have

0
5{ G(x, Y, t)
o2 0%
= Vo(é? + 'a-j)—z)ﬂ(xa Y, 1)
2 " 62 1" 32
+ [Vo R (0) EXE + V02R (0) '975]0'()6, ¥, t)

+ 2P R(x = ) gorgs o3, 1) + <SG, XSy )] (@0

We have not made any attempt to solve this equation.
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